The whimsical Golden Ratio inside the 
Thirteenth Archimedean 


Buckminster Fuller was so nice to me. I met him at a book signing in Atlanta in the early 80’s. He 
took the time to look at my volume calculation of the Twelfth Archimedean Solid, aka Great 
Rhombicosidodecahedron : 95 + 50 a/ 5. Volumes of eleven of the Archimedean Solids are simple 
calculations, but the “snub” Tenth and Thirteenth have an additional degree of freedom. That freedom 
may fall to the left or right. Here are both versions of the Thirteenth Archimedean Solid, aka Snub 
Dodecahedron. 



The Tenth and Thirteenth and many other Uniform Polyhedra were solved by one of the greatest of all 
geometers, H. S. M. Coxeter . His closed form solution to the Snub Dodecahedron is shown below. The 
alternate solution is also shown, they both use the same constants xi ^ and the Golden Ratio phi cp. 

Extraordinarily, as shown in this Wolfram Document, these two solutions are the same number! 


Coxeter 1 s solution 
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The solution starts by inscribing the Thirteenth on a unit edge icosahedron: 



Baselcosahedron faces: A ABC, A AiBC 

InscribedSnubDodecahedronfaces: Agjk, A gtjikr 

Non Inscribed SnubDodecahedron faces: A ggfj, Agtgjt 

Mid pointsonAggt j: i dm 

Center point f or both AAB C and Ag j k: a 

Centerpointforboth AAiBCandAgijtkt: at 

Center point for both Icosahedron and SnubDodecahedron: c 

Right angles: /.fed /fdb /af g /ahi /at ftgr 

Distance of the Snub Dodecahedron edge: D 


AB = BC = CA = AtB = CAi = 1 

gj = jk = kg -~ggt- gtj-D- \/3sina-cosa 

gi = ij = id = gd = dgi = f 

a[ 2 + fg 2 = ag 2 = j 

ah 2 + hi 2 = ai 2 = —- 

ah = fl/cos(60-a) = (cos a + v^sina) 

af - ~dg cos a - -^cos a 

fb = ab -af - ^4(1 -2Dcosa) 

ei? = dbsinf = fbsin 2 f 

eb 2 + erf 2 = ei? 2 (l+cot 2 j6) = ebfb 
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ag + ab -2 abaf + eb[2af - 2ab + fb] —— = 0 

D 2 1 D . 2/) l - 2Dcosa 
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D 2 - 4 D cos a + 1 - sin 2 (1 - 2D cos a) 2 = 0 (Eq. 1) 
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id 2 - = /z/ 2 + (ab - ah - eb ) 2 + ed 2 -= 0 
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ai + ab - 2abah + eb[2ah - 2ab + /fr] —— = 0 
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-h-(cosa + v3sina) + sin p- 
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. 2fl l - 2 D cos a 


D(cosa + \/3sina) 1 
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- 2 D 2 - D(cosa + v^sina) + 1 - sin 2 ) 0(1 - 2 D cosa) [l + D(cosa + \/3sina)J = 0 


7 = V3 tan a T = 3 cos a - v^3 sin a 


cos 2 a + sin 2 a = 1 = cos 2 
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or cos a 


1 + V 


T cos a = (cos a - \/3 sin a) cos a = (3 - 7 ) cos 2 a = ——\ 
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T cosa 7 + 3 7 + 3(r cosa - 3) = 0 


-b+Vb 2 -4ac , 2 

Positive Root : 7 =-anrf r =Tcosa( 3 - 7 ) 
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-3 + %/9 — 12Tcosa(r cos a-3) 

7 =- OT . __- - (Eq.3) 
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r 2 = 3r cosa - i [-3 + v/9 - 12rcosa(rcosa -3)] (EqA) 


1 - 2 D cos a 
2>/3 
(Eq. 2 ) 

























Icosasymmetry : sin 2 (5 = —^ Combine : 3cp 2 {Eq.2) + 3(/? 2 (£’<7.1)y = 0 
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|3<p 2 (y-2) + 21(1 -2y)cosa - \/3sinaj cos a] D 2 - |(4y + l)cosa + \/3sinaj</> 4 D +(y + l)</> 4 = 0 
Defineetaandlambda : j 2 -4ik = (rjcosa + A\/3sina) 2 = ^ 2 cos 2 a + (r/A)2\/3cosasina+A 2 3sin 2 a 
[</? 2 (4y + l) 2 -4</) 2 (y + 1) (3<p 2 (y-2) +2(1 -2y))]cos 2 a+[<p 8 (4y + 1) + 4</) 4 (y+ l)]2x/3cosasina+ 
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Sum components of {rjAr-rj 2 A 2 = 0, simplify using: (p n+2 + (p n -3 cp n 
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1 = -J- (a = l plotted in Mark'shook) (y+1) 
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DefineXi:fsa$ + \y/<p-§j + a$-y<p-$, 


Fromthe f irstrootof y: - —- = 0 
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[2(3cosa-\/3sina)cosa-9(/) 2 J D + <^ 4 (3cosa-Vasina) = [2rcosa-9<p 2 ] D + <p 4 r = 0 

</> 4 r 


D = 


9</> 2 -2f cos a 


{Eq.5) 
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T{9(p 2 -2T cos a) 
3 (p 2 D 

Y{9(p 2 -2Y cos a) 


3 (p 2 


{Eq. 1) = 0 {substituteD withEq.5) 

(3 (D 2 - 4 cos 2 a) {— _ ^ ^ -] - 4 (p 4 cos a + <z> 4 ( 

^ \9(p 2 -2Y cos a j ^ ^ l 


9 (p 2 -2Y cos a 


cp 4 Y 


= 0 


4{Ycosa) 2 -36cp 2 Y cos a+ 27 (p 2 + (p 4 Y 2 = 0 {substituteY 2 withEqA) 

<P 4 


4(rcosa) 2 + 3q? 2 {(p 4 - 12)rcosa+ ~(p 2 {(p 2 + 18) = — \/9 - 12Y cos a(r cos a - 3) 

Square both sides and subtract 

16(r cos a) 4 + 24(p 2 {cp 2 - 12) (r cos a) 3 + 36 (p 2 (2 l(p 2 + 11) (r cos a) 2 + 54 cp 4 {(p 2 - 36)r cos a + 8 l<p 4 (<p 2 + 9) = 0 
2 

Define x: x=-Tcosa and divide by 81: 

x 4 + (p 2 {(p 2 - 12)x 3 + <p 2 (21<p 2 + \ l)x 2 + cp 4 {(p 2 -36)x + cp 4 {(p 2 + 9) = 0 
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+cp 4 ((p 2 — 36) jc 

r=-</> 4 (</> 2 +9) 
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+<p 4 (<p 2 + 9) 
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First root of x: 1 
-v 2 

a=-^- + q = -27 (p 4 + <p 2 {2l(p 2 + 2) = -2</> 6 
27 3 

b = -54<p 6 + 3</> 4 (21<p 2 + 2)-</(</> 2 + 9) = <p'° 
Second root of x: 
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From the second root of x: 

3 

Tcosa = -(3 (p 2 -(p 3 0 {Eq. 6) 


• b\y (P ~T7 




= \Y = l S0, t 3 = 2 t +,p {EqJ) 


Noting that D= \/3 sin a -cos a for Tenth & Thirteenth Archimedean Solids we find: 

(9<p 3 + <p + 6£-3(/> 3 £ 2 ) 2 -(</> + 3£) 2 (l-3</> 4 (3\/5-2</> 3 £ + <p 2 £ 2 )j = 0 (expand and substituted withEq.7) 
= (9</> 3 + <p) 2 + 36f 2 + 9</) 6 ^(2^ + (p) + 2(9<p 3 + <p)( 6<f - 3</? 3 < 2 )-36<^ 3 (2^ + <p)-(p 2 (l - 3<p 4 (3\/5 - 2</> 3 £ + <p 2 £ 2 )] 

-6(*> (<f - 3<p 4 (3\/5^ - 2(p 3 d + <p 2 ( 2£ + (*>))] -9 (<f 2 -3</> 4 (3\/5<f 2 - 2<p 3 (2(, +<p) + cp 2 {( 2< + <*>)]] = 0 
= (81</> 6 + 18</> 4 + </> 2 -36</> 4 -</> 2 +9<p 6 v/5 + 18</> 8 — 54<p 8 ) (all 3 orders of £ sum to zero) 

+ (9 <p 7 + 12(9 <p 3 +<p)~ 72cp 3 +6 <p 9 -6<p + 54(p 5 V5 + 36<p 7 - 108(*> 8 + 27<p 7 )( 

+ (38+l8(p R -6<p 3 (9(p 3 + (p)+3<p fi -36<p s -9 + 8l(p 4 V5 + 54(p 6 )d = 0 


\/l -3(/(3\/5-2<p 3 £ + <p 2 £ 2 ) = — +y + 6 ^ 3y 
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(Eq.8) 

























Substitute Eq.6 and Eq .8 into Eq .3 


7 = 

r = 
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Substitute Eq.6 and Eq .9 intoEq.5 
(p 4 r (pT (p 


D = 


9(p 2 -2V cos a 3£ yV 2 + 3 £ (</> + £) 


<p n 1 —- 1 _ ab w 2 

Icosasymmetry: cosp = —— sin ft =—— =—— «c=-- = —— 

7 J V3 (pV3 2V3 tan f> 2v /3 

~ac w r~i 

Radius to triangle face: r tr i ang i e = — = ^=y + 3£(<p + £) 

Circumradius (radius to vertex): 


r circumradius ~ ^ r triangle* (2sin ^ 
Inradius (radius to pentagon face): 


^-2 - 


</> 2 (</> 2 + 3£(</> + <0)+4 _ 1 ^ /<p 4 +4 + 3<p 2 £(</> + <0 
12 ” 2 


r pentagon y *circumradius v 5 

Midradius (radius to edge bisector): 




rmidradius ~ \j r triangle 

wesnubDc 
s/3 1 (p 


+( 2 t —)~ 2 = \ r 2 (y 2+3 ^ ( y + ^) +1 1 / y 4 + 1+3 <p*((<p+o 
311 3 V 12 2 V 3 

1 1 

Volumes n ubDod eCa h e dron ~ Ntriangle x ^ rea triangle x “ x r triangle* Npentagon x Aredpentagon x “ x r pentagon 


v3 1 rr 5 Up 6 lip / 1 


VolumesnubDodecahedron — ^ V^ 2 + (cp + 0 + ^ \/^ + 5\/5(/>£((/? + £) 




















































One rainy night in the early 1980’s, I was sleeping in my car at a lighthouse somewhere above San 
Francisco. I had programmed my HP calculator to numerically solve the Thirteenth. I woke up and 
tried V3 sin a - cos a, to my astonishment, it was equal to the edge distance, D. 

I admit here that my whole solution above was only possible because of a lucky guess made on a 
calculator. I reverse engineered it backwards to Equation 8. Recendy, I told my son I must be an 
impostor as a mathematician. He said not to worry, engineers are allowed to Guess and Check! 


If we spin the curious Golden Circle found in the middle of this solution, signs switch so that “a” now 
equals 2/3 and our alternate root is: 
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Whole powers of the Golden Ratio may be expressed in two parts, r 
and s, where r is rational and s is a rational times V5. Both r and s are 
Fibonacci Sequences! 

Even powers are positive and odd powers have negative values of 4. 
Extending this property to one third powers of the Golden Ratio, we 
get the next table. 


We may now plot the alternate root by constructing geometric 
vectors. This root is plotted as a green dot below and appears 
visually as a point of origin to the powers of the Golden Ratio! 


Note that all whole powers of the Golden Ratio land on grid 
intersections. 
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Not only does the Golden Ratio play whimsically with the Thirteenth Archimedean, but the Thirteenth 
Archimedean renders an Origin to powers of the Golden Ratio! 
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